We show that the dimensionless Rindler energy of a black hole, E R , is exactly the surface Hamiltonian obtained from the Einstein-Hilbert action evaluated on the horizon. Therefore, E R is given by a surface integral over the horizon and manifestly holographic. In the context of the AdS/CFT duality, Rindler energy corresponds, on the boundary, to a dimensionless energy given by the product of the AdS radius and the extensive part of the CFT energy. We find that, beyond General Relativity, E R is still holographic but not necessarily given by the surface Hamiltonian of the
Introduction
Recently, it was shown that the entropy of any nonextreme black hole [1] in any theory of gravity is given by S = 2πE R where E R is the dimensionless Rindler energy obtained in the near horizon region of the black hole [2] . In fact, E R is identical to Wald's Noether charge so that the above entropy is exactly Wald entropy. The easiest way to see this relation is to note that E R is the dimensionless energy near the horizon in units normalized so that T = 1/2π [3] whereas Wald's Noether charge is the generator of time translations near the horizon with the surface gravity normalized to be κ = 1 [4] .
In ref. [2] some issues related to E R were left unresolved. First, the derivation of E R is equivalent to the First Law of Thermodynamics and not a new computation of entropy. Therefore, it is desirable to find a formula for E R in terms of the gravitational degrees of freedom, i.e. the metric. Second, E R , just like Hawking temperature, is obtained directly from the time evolution in the near horizon region of the black hole. As a result, its holographic nature is not manifest. It would be nice if E R were given by a surface integral over the horizon clarifying its relation to holography [5] . Third, the relation between time evolution and entropy is obscure.
Entropy is related to the number of black hole microstates that are compatible with the black hole metric. This implies that there must be a relation between the number of microstates of a black hole and time evolution in the near horizon region. Fourth, using the AdS/CFT correspondence, we can find the analog of E R for an AdS black hole on the boundary. We expect to find a dimensionless energy in the boundary CFT that gives the entropy of the black hole. Finally and perhaps most importantly, we do not the nature of the fundamental degrees of freedom that are counted by E R .
In this paper, we address the first four issues mentioned above in General Relativity. We show that E R is given by the surface integral over the horizon of an expression that depends only on the metric. This is the desired formula for E R that is manifestly holographic. It is well-known that the Einstein-Hilbert action can be divided in to a bulk and a surface term [6] . The Hamiltonian obtained from the surface action and computed near the horizon, with the normalization κ = 1, gives E R . Alternatively, E R can be expressed as the integral of the gradient of the local acceleration which can be rewritten as the surface integral of a term that depends only on g 00 [6] . This establishes the relation between time evolution in the near horizon region and black hole entropy. The expression for E R is not covariant which is to be expected since black hole entropy is observer dependent.
Thus, E R depends either on the metric seen by an observer, or equivalently, on her world-line. We note that the surface action that gives rise to E R is different from the Gibbons-Hawking term used in Euclidean gravity [7] but reduces to it in most cases of interest. Finally, we discuss the holographic nature E R in the context of the AdS/CFT correspondence. We consider AdS black holes and show that their entropy is given by a dimensionless energy in the boundary CFT, which is the product of the AdS radius and the extensive part of the CFT energy. This is the holographic counterpart of E R [8] .
The paper is organized as follows. In the next section, we review the derivation and properties of the dimensionless Rindler energy E R . In section 3, we obtain the holographic formula for E R in General Relativity and discuss its properties.
In section 4, we consider AdS black holes and find the counterpart of E R in the boundary CFT. In section 5, we discuss the generalization of our results to theories of gravity beyond General Relativity. Section 6 contains a summary and discussion of our results.
Dimensionless Rindler Energy as Entropy
For completeness, we first describe the dimensionless Rindler energy of any (nonextreme) black hole which is a review of section 2 of ref. [2] . In any theory of gravity, the metric of a nonextreme black hole in D-dimensions is of the form
The radius of the horizon, r h , is determined by f (r h ) = 0. If in addition, f ′ (r h ) = 0, the near horizon region is described by Rindler space. Near the horizon, r = r h + y where y << r h and to the lowest order f (r) = f (r h ) + f ′ (r h )y . In terms of y the metric becomes
Using the proper radial distance, ρ, obtained from dρ = dy/ f ′ (r h )y the metric can be written as
Defining the dimensionless Rindler time as τ R = (f ′ (r h )/2) t, we get the black hole metric
where the metric in the τ R − ρ directions describes Rindler space.
In Ref. [3] it was shown that the entropy of the black hole is given by the dimensionless Rindler energy E R conjugate to τ R . E R can be obtained from the
where M is the mass of the black object conjugate to t. Assuming that Hawking radiation is negligible and E R is time independent (which is a good approximation for large black holes) we find
Since Hawking temperature is given by T H = f ′ (r h )/4π, eq. (6) can be written as
which is the First Law of Thermodynamics. As a result, S = 2πE R for any black object in any theory of gravity. This method works for all nonextreme black objects and space-times with Rindler-like near horizon geometries [9] [10] [11] [12] . The entropy of extreme black holes can be obtained from the extreme limit of nonextreme black holes.
In generalized theories of gravity, black hole entropy is usually taken to be Wald entropy which is given by S W ald = 2πQ where Q is Wald's Noether charge [4] . The equivalence between E R and Wald's Noether charge has been shown in detail in ref.
[2] and will not be repeated here. It is sufficient to note that E R is the dimensionless energy in Rindler space (i.e. the near horizon region) with T = 1/2π whereas Q is the generator of time translations near the horizon with the normalization κ = 1.
Thus, E R is exactly Q.
In ref. [2] , a number of issues related to E R were left unresolved including:
1. It is clear from eq. (7) that the Poisson bracket for E R in eq. (5) is equivalent to using the First Law of Thermodynamics, i.e. the relation T (M), to obtain the entropy. It is important to find a formula for E R in terms of the metric which does not directly use thermodynamics.
2. The holographic nature of E R is not clear. It would be nice if the formula for E R made its holographic nature manifest, e.g. if E R were given by a surface integral over the black hole horizon just like Wald's Noether charge.
3. E R is determined only from g 00 , i.e. the time evolution in the near horizon of the black hole. For black holes, a direct relation between time evolution and and entropy is certainly worth establishing.
If E R is holographic, in the context of the AdS/CFT correspondence, it
would be interesting to find out the dimensionless energy in the boundary CFT that corresponds to E R .
In the following sections, we address all these issues. We obtain a formula for E R that is a surface integral over the horizon of a quantity that depends only on the metric. This is the desired formula that is manifestly holographic. Using a geometric identity, we show that the formula for E R can be written as a surface integral of the local acceleration which is determined only by g 00 . This establishes the relation between black hole entropy and the time evolution. Finally, we find the analog of E R for an AdS black hole in the boundary CFT which is given by the product of the AdS radius and the extensive part of the CFT energy.
Holography and Rindler Energy
In this section, we obtain a holographic formula for E R in four dimensional
General Relativity. The generalization of the formula to any dimension is straightforward. We discuss the holographic nature of E R in theories of gravity beyond General Relativity in section 5.
In the following we use the (D = 4) Euclidean Rindler metric with dimensionless Rindler time obtained from eq. (4) by
The dimensionless Euclidean Rindler time coordinate, τ E , is an angle with period β = 1/T H = 2π. In this metric, the horizon is at ρ = 0.
The Einstein-Hilbert action that describes D = 4 (Euclidean) General Relativity can be divided into a bulk and a surface part [6, 13] 
where
and
A bulk is the Dirac-Schroedinger action that describes the dynamics of gravity in the bulk. It is quadratic in Γ's, so it is given by the square of the first derivatives of the metric. The only properties of gravity that A bulk cannot describe are those, such as black hole entropy, that depend on the boundaries. A surf is a total derivative and usually it is either set to zero or canceled by a counterterm. It contains second derivatives of the metric and can also be written as [14, 15] A surf = − 1 16πG
⊥ with x ⊥ denoting the directions along the boundary surface perpendicular to direction x c in eq. (11). The integral is over the surface of the three-dimensional boundary of Euclidean space-time. From the surface action above we can compute the surface Hamiltonian by
In the presence of a black hole, the boundary of the space-time consists of two separate parts: the surface of the horizon and the surface at asymptotic infinity.
The integral over the whole boundary vanishes. However, we can consider the integral over only the horizon surface, H, which we denote by H surf | H . This is the energy in the near horizon region, i.e. the Rindler energy. If we use the near horizon metric in eq. (8) with dimensionless time (and κ = 1), H surf | H becomes the dimensionless Rindler energy E R . In fact, a simple calculation gives
where A = H d 2 x ⊥ is the area of the horizon. We see that the black hole entropy is given by S = 2πH surf | H and therefore
where the integration is now over the two-dimensional surface of the horizon.
Eq. (15) is the desired formula for E R in terms of the metric. It should be contrasted with eq. (5) which is equivalent to the First Law of Thermodynamics.
Eq. (15) is also a surface integral over the horizon making the holographic nature of Rindler energy manifest. This resolves the first two issues raised at the end of the previous section.
We note that, just like the procedure that uses the Poisson bracket in eq. (5), the formula for E R is also off-shell. It is clear that we need to know only the metric in order to calculate the entropy. The metric does not have to satisfy the equations of motion. In fact, we do not even need to know the gravitational Lagrangian.
The entropy of the black hole is also given by an alternative expression in terms of the surface action (in units with κ = 1)
where integration over the Euclidean time gives a factor of β = 1/T = 2π. This means that E R can also be expressed as E R = −L surf which agrees with eq. (15).
It is easy to see that the entropy density per horizon area in Planck units is
for all Rindler-like horizons as required.
The expression for E R given in eq. (15) is not covariant. This is not surprising since black hole entropy is observer dependent. For example, an inertial observer freely falling into the black hole sees a flat metric for which eq. (15) gives zero. This is consistent with the fact that this observer does not see the horizon. On the other hand, a Rindler observer sees the Rindler metric with a horizon for which eq. (15) gives the correct black hole entropy.
The derivation of E R in section 2 depends only on the time evolution of the black hole, i.e. on g 00 . In order to reconcile this fact with the holographic formula in eq. (15) we would like to express entropy in terms of the acceleration, a, of an observer. Entropy should be proportional to a since inertial observers such as freely falling ones do not see the horizon. If we want to express entropy as a surface integral, then we also need the integrand to be a total derivative. A surf can be written in a form consistent with these demands as [6] A surf = − 1 8πG
where the covariant derivative is ∇ i a i = (g) −1/2 ∂ i (g 1/2 a i ) and the four-acceleration is given by a i = (0, a) with a = ∇ln( √ g 00 ). For the metric in eq. (8), a ρ = 1/ρ is the local acceleration along the radial direction that is perpendicular to the horizon surface. Substituting into eq. (18) we find an alternative holographic formula for
where σ ij is the transverse metric on the horizon. As expected, S = 2πE R . This establishes the relation between time evolution near the horizon fixed by g 00 and the entropy, resolving the third issue raised in the previous section. In terms of the acceleration, the entropy per horizon area in Planck units becomes
which is completely determined by g 00 . We see that the entropy an observer sees is determined by her world-line as required.
E R is defined as the dimensionless Rindler energy near the horizon of the black hole. However, it is well-known that in General Relativity there are different notions of energy. Consider the energy in a volume V defined by
E is (one half of) the source of gravitational acceleration since for an ideal fluid we get 2(T µν − (1/2)g µν )u µ u ν = ρ + 3p. E R is exactly E in units with κ = 1. This can be shown by using the differential geometric identity [6] 
In space-times with K µν = 0, substituting eq. (22) into the definition of entropy in eq. (18), using Einstein's equation and the fact that time integration is just multiplication by 2π (when κ = 1) we find that A surf (β = 2π) = 2πE. Thus
Finally, we would like to comment on the relation between the surface action in eq. (12) and the Gibbons-Hawking term, A GH , that is added to the EinsteinHilbert action in Euclidean gravity [7] in order to make it invariant under diffeomorphisms that vanish on the boundary. A GH is given by
where K is the trace of the extrinsic curvature and n c denotes the direction normal to the horizon. In general, A surf does not coincide with A GH [16] . However, if the boundary (horizon) is given by x i = const. and the metric has no off-diagonal terms with respect to x i , then A surf = A GH . This is exactly the case for the class of metrics that describe black holes with Rindler-like near horizon geometries, i.e.
those given by eq. (8).
Rindler Energy and the AdS/CFT Correspondence
We saw above that E R is holographic in the sense that it is given by a surface integral over the horizon. Another notion of holography is realized by the AdS/CFT correspondence in which gravity in the AdS bulk is dual to a CFT on the boundary. It would be interesting to find the dimensionless energy in the boundary CFT that corresponds to E R in the bulk that is obtained from the near horizon of an AdS black hole.
Consider a black hole in D = d + 2 dimensional AdS space given by the metric[18]
Here L is the radius of curvature of the AdS space given by
G is the D-dimensional Newton constant, M is the mass of the black hole and V d is the unit volume in d dimensions. The black hole radius R is the solution to
The Hawking temperature of the black hole is given by
We now take the near horizon limit with r = R + y and y << R. Following the procedure in section 2 find the near horizon metric
and the proper distance to the horizon is
The dimensionless Rindler time is defined as τ R = (F (R)/2)t. The dimensionless
Rindler energy obtained by the procedure in section 2 gives the correct black hole entropy
In order to compute the entropy, we could, alternatively, have used eq. (15) or (19) with the metric in eq. (8) which, of course, gives the same result.
Using the AdS/CFT correspondence we would like to find the dimensionless energy in the boundary CFT that is analogous to E R . Since the boundary CFT is conformal we can rescale its dimensions (and therefore its energy) arbitrarily.
Following ref. [19] we rescale the boundary dimensions so that the radius of the boundary sphere is R. As a result, the boundary time is related to the AdS time by t CF T = (R/L)t. The AdS black hole is described by a state of the boundary CFT with total energy [19] 
The energy is a sum of two terms; E CF T = E E + E C where E E and E C are the extensive energy of a gas and the Casimir energy respectively which are given by
Now, we can use the method described in section 2 for the CFT with the above energy and temperature given by T CF T = (L/R)T H . We can rescale (a dimensionless) time so that T CF T = 1/2π and use eq. (5) to find the dimensionless energy conjugate to the dimensionless time. 1 Since both E CF T and T CF T are rescaled by a factor of L/R relative to their bulk counterparts the procedure works the exactly same way as it does for the bulk black hole giving the same answer for entropy. However, this is not very illuminating since it does not teach us anything new about the boundary CFT.
On the other hand, in the CFT, entropy is given by the Cardy-Verlinde formula [19] 
Using the definitions of E CF T and E C it is easy to see that S CF T = (4πL/d)E E .
As a result, we find[8]
The holographic counterpart of E R is (up to the factor (2/d)) the product of the AdS radius L and the extrinsic component of the CFT energy, E E . The length L is not part of the description of the boundary CFT since the boundary sphere has radius R. We can express it in terms of the CFT variables as L = R (E C /E E ).
For very large black holes with R >> L we get 
From eqs. (33) and (36) we find that for the boundary CFT states that are holographic to AdS black holes, the ratio L 0 /c is fixed by the ratio of the bulk variables R/L as
In terms of the central charge c and the level L 0 of the CFT state E R is given by
where L can be expressed in terms of the CFT variables as L = R 24L 0 /c − 1.
Above, we found that E R is given in terms of E E , the extrinsic component of E CF T . From eq. (34), this follows simply because of the relation
However the choice of E E is somewhat arbitrary. We can also express E R in terms of the boundary Casimir energy, E C , as E R = (2R 2 /dL)E C instead of eq. (35).
This provides an alternative expression for the holographic counterpart for E R in the boundary CFT.
Holography and E R in Generalized Theories of Gravity
We saw that, in General Relativity, the Einstein-Hilbert action can be written as a sum of a bulk and a surface term. The surface Hamiltonian obtained from the surface action, when evaluated on the horizon, is precisely E R . Then, E R is
given by a holographic expression as an integral over the horizon surface. Black hole entropy is S = 2πH| H = 2πE R . Alternatively, S = −A surf and E R is given by (the negative of) the surface Lagrangian.
Since black hole entropy in generalized theories of gravity is also given by 2πE R , it is important to find out if the same ideas can be applied beyond General
Relativity. For this purpose consider a four-dimensional theory of gravity with the Lagrangian density L = Q bcd a R a bcd . This includes actions with any power of the Riemann tensor with up to two derivatives of the metric. In these theories, as in General Relativity, the Lagrangian density can be divided into a bulk and surface term [6, 13] 
As in General Relativity, L bulk is quadratic in the first derivatives whereas L surf contains second derivatives. The surface action evaluated on the horizon can be written as
which is the generalization of eq. (11) . Integrating over the Euclidean time with period β = 2π and using Gauss' law we get
where H is the horizon surface. The dimensionless Rindler energy is given by
. For A surf to give the correct black hole entropy
and therefore E R in any theory of gravity, eq. (41) has to be identical to Wald entropy [2] given by
where Q is Wald's Noether charge, ǫ ij are the binormals to the horizon and Y abcd = (δL/δR abcd ).
A surf is identical to Wald entropy, or E R = Q, only when Y abcd = Q abcd . In general, this is not the case and therefore the surface action in eq. (41) 
where m is the order. Since L m is a homogeneous function of R ab bc of degree m, at any order m, we get Y abcd = mQ abcd . As a result, the surface action obtained from eq. (41) satisfies mA surf = S W ald [22] . Thus, the surface action in eq. (41) gives the entropy only for m = 1 which corresponds to General Relativity. For m > 1, A surf is a fraction (1/m times) of the entropy. For Lanczos-Lovelock theories with more than one term in eq. (43), A surf is not proportional to entropy due to the different multiplicative factors. For example, in Einstein-Gauss-Bonnet gravity which corresponds to the sum of the m = 1 and m = 2 terms, A surf is not proportional to black hole entropy which is given by 2πE R [23] .
The situation is even worse for some theories of gravity, such as D = 2 + 1 topologically massive gravity, in which black hole entropy depends on parameters that do not appear in the metric [24] . Since the holographic formula in eq. (15) depends only the metric, in these theories it cannot possibly give the entropy.
2 On the other hand, in these theories as in all theories of gravity, entropy is still equal to 2πE R . This can be explained by noting that the original definition of E R in terms of the Poisson bracket in eq. (5) involves the mass M that the depends on these parameters. Therefore, the definition of E R in terms of the Poisson bracket in eq. (5) is more general than the holographic formula in eq. (15).
We found that even though for a large class of generalized theories of gravity, the action can be written as a sum of a bulk and a surface term, the surface action does not correspond to black hole entropy. Therefore, E R is not given by the surface Hamiltonian evaluated on the horizon. Of course, since E R is exactly
Wald's Noether charge Q = S W ald /2π, we can always use eq. (42) to write E R as a surface integral. However, in general, Q is not the surface Hamiltonian. We conclude that even though E R can always be written as a surface integral as in eq.
(42) it is not always given by H surf . It would be interesting to find the relation between the Wald's Noether charge and H surf is generalized theories of gravity.
Conclusions and Discussion
In this paper, we obtained a formula for the dimensionless Rindler energy, E R , which gives black hole entropy as S = 2πE R in all theories of gravity. Eq. (15) shows that E R is given by a surface integral over the horizon making its holographic nature manifest. E R can also be expressed as a surface integral of the local acceleration as in eq. (19) . This formula only depends on g 00 and shows the relation between black hole entropy and time evolution in the near horizon region.
These expressions for E R are not covariant; i.e. they are observer dependent as required for black hole entropy. Using the AdS/CFT correspondence, we also obtained the holographic counterpart of E R in the boundary CFT. This is given by the product of the AdS radius and the extensive part of energy in the CFT.
The holographic expressions for E R are obtained by using a special property of the Einstein-Hilbert action, i.e. that it can be divided into a bulk and a surface term. Then, it is easy to show that the surface Hamiltonian evaluated on the horizon is exactly E R . Alternatively, E R is given by (the negative of) the surface Lagrangian. The generalization of these results beyond General Relativity is not straightforward. We found that even though for a wide class of theories of gravity the action can be divided into a bulk and a surface part, the surface Hamiltonian does not equal E R . On the other hand, since E R = Q in all theories of gravity we can use eq. (42) to write it as a surface integral. Therefore, E R is holographic in all theories of gravity but its relation to the surface Hamiltonian is not clear in general.
In this paper, we did not address the most important question about E R , namely the nature of the fundamental degrees of freedom it counts. The dimensionless Rindler energy is the generator of time translations near the horizon with the normalization T H = 1/2π. Therefore, it is related to the evolution of the black hole in time. On the other hand, E R is given by a surface integral over the horizon and is therefore related to horizon degrees of freedom, The expression for E R in terms of the local acceleration, e.g. eq. (19), involves both g 00 and a surface integral over the horizon and therefore may be a first hint about the relation between these two different descriptions of Rindler energy. In ref.
[2], we speculated on the nature of the degrees of freedom that E R counts but needless to say this remains an important open question.
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